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Structure of this paper

Number of Number of Working Marks Percentage
Section questions questions to time available of exan?
available be answered (minutes)

Section One: 8 8 50 52 35
Calculator-free
Section Two: 13 13 100 97 65
Calculator-assumed

Total 149 100

Instructions to candidates

1.

The rules for the conduct of examinations are detailed in the schoot handbook. Sitting this
examination implies that you agree to abide by these rules.

Write your answers in this Question/Answer Booklet.

You must be careful to confine your response to the specific question asked and fo follow any
instructions that are specified to a particular question.

Spare pages are included at the end of this booklet. They can be used for planning your

responses and/or as additional space if required to continue an answer.

e Planning: If you use the spare pages for planning, indicate this clearly at the top of the
page.

e Continuing an answer: If you need to use the space to continue an answer, indicate in the
original answer space where the answer is continued, i.e. give the page number. Fill in the
number of the question that you are continuing to answer at the top of the page.

Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect answers
given without supporting reasoning cannot be allocated any marks. For any question or part
question worth more than two marks, valid working or justification is required to receive full
marks. If you repeat any question, ensure that you cancel the answer you do not wish to have
marked.

[t is recommended that you do nof use pencil, except in diagrams.

The Formula Sheet is not to be handed in with your Question/Booklet.

See next page
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Section Two: Calculator-assumed 65% (97 Marks)

This section has twelve (12) guestions. Answer all questions. Write your answers in the spaces
provided.

Working time for this section is 100 minutes.

Question 9 (17 marks)

Consider the functions f(x)=In(x)and g(x)= Jx for x>0,

(a) (i) Determine the expressionfor y= f(g(x))and explain why the function is defined.

y=f(g(x))=f(x/35)=lnx/—=%ln(x) v
In(x) is defined for x >0 and this is the given domain so
y =f(g(x)) is defined. v (2)

(i)  Explain why the function y = f(g(x)) has an inverse.
y=f(g(x))= %ln (x) is monotonically increasing,”

SO yrf(g(x)) has an inverse. (1)

(i}  Find the equation of the inverse of the function y = f(g(x)).

y = %ln(x)
To obtain the inverse, switch x and y
x=%ln(y):>2x=lny v (3)
w y=e" orif f(g(x))=fog then (fog)~1 (x)=e™
v
{b) (i) Find the domain such that the function y = g(f(x)) exists. (3)

g(f(x)=g(tn(x))=Jin(x) Y
In(x) is defined for In(x)20 v
ln(l) =0
g g(f(x))is defined forx>1 v

See next page
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(il Determine whether the function y = g(h(x)) is @ one to one function given h(x)=e¢
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The function y =g(h x))is not a 1-1 function. v

(cy (i) Given p(x) =|x| sketch y =f(p(x)) on the set of axes below.

r=F(p ()= 1) =il

Y

szl;ngzA\/l 2 3 4 5

vV

See next page
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Question 10 (5 marks)

Use the expansion of (cos (x)+isin(x))3 to show that cos(3x) =4cos’ (x)—3cos(x).

(cos(x)+isin(x))3mcos(3x)+z’sin(3x) v .
LHS (cos(x)+isin(x))3=cos3(x)+3icosl(x)sin( ) 3cos( )Sm ( ) isz’n3(x) v
Equating the reals:
cos(3x) = cos® (x) - 3cos(x)1 *(x)
=cos’ (x)— 3cos(x)(1 cos® )
=cos” (x)—3cos(x)+3cos’ ( x)

cos(3x) = 4cos’ (x)~3cos(x)

See next page
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Question 11 (10 marks)

(a) Define the shaded region graphed on the set of axes below. (3)
Im(z)

g

(a) {z: 3S!z| M —2SIm(z)<2}
v v v (3)

(b) Given z, =a+bi and z, =c+di prove that |zl‘x122!=|z, ><22|.
|z1 xzzfzy(a+bi)x(c+di)|
=|ac—bd +i{ad +bc)|

m\/(ac—bd)2+(ad+bc)2

=\’ - 2abed + B> + a’d® + Qabed +b2 ¥
=2 + 02 + dPd? + b

—N&* +d? + D + B
=\]a2(cz+d2)+b2(cz+d3) v

- @ r)(@ )

:\/a2+b2xx/c2+d2 v

=|z|x|z|

* Jzx 3| =|a|x|2) (3)

See next page
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(c) Sketch |z-3+3i|=2/z| on the set of axes below.
Hint: Put z=x+1iy

|z—3+3i| =22
‘(x—3)+(y+3)i{=2|x+iy|

\/(x—3)2 +(y+3) =2W

X —6x+9+1° +6y+9=4x"+4y° v
3x° +3y" +6x—6y—-18=0

X+ +2x-2y-6=0 v
(x2+2x+1)+(y2w2y+1)=6+1+1

(x+1)2 +(y-—1)2 =§

Circle with C(-11)  r=1+1-(-6)
v =48

(4)

See next page
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Question 12 (6 marks)
The line r=(2,71,3)+ A(1,2,0) and the plane r.<i—j + 2k> = 2 intersect at point P.

(a) Determine the coordinates of P. (3)

2= el ﬁ:“‘H'Z?" zs g
Moo 2oy V#dX 22 =<} -, 2> =2
e Zid sl-2A ¥ 6 =2
‘e q - A < o
Ve 1 =7

©

P ?9 Z’V&s ga-mcé.‘“&‘g(‘f{ (c?) [?) ?)

{b) Determine the size of the angle between the line and the plane. (3)

<1,2,05 i divechon of fne

<H, -n2T o écwac?‘"‘?“‘ stéi’%ﬁ’f‘"‘"m""

)

o

KU,0,05¢&1, 71,205 JF «JE cor &

LI

. }
e cort 2 hﬁ)
t'\‘., (,9 < !QU .r/$ //?/‘7714 I@%}{N@g-! /{.;.{
5 :

! H ? /4
& Mvmaf 45 yotiire )

=8

/

!
< &_m LEa

/OOJ’/ “'qo = f{}‘-}wfc i,:: ;,\":}
?Mﬁ ??-j:—f{;mc.

See next page
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Question 13 (4 marks)

Two magpies see an insect on a branch of a tree at T(3, -4,1) at the same instant. Magpie 1 is at
A(-3,4,0) and magpie 2 is at B(-5,4,0). Both magpies immediately took off towards the insect with

3 4
velocities of | -4 | and | —4 [ ms” respectively.
0.5 0.5

Which magpie gets to the insect first?

6 -3 3
AT =|-8| r(t)=| 4 |+1| -4
1 0 0.5

3

n(2)=|-4| = Magpie, takes 2 seconds v’

8 -5 4
BT=|-8| n(t)=|4 |+ 4| v
1 0 0.5

3

(2)=| -4 | = Magpie, takes 2 seconds v’

1

Both magpies arrive at the point where the insect is at the same time.
(tug of war?)

See next page
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Question 14 {9 marks)

The position of a small body relative to the origin at any time t seconds is given by
¢ t
the vector function  r(t)= 24sin(%}i +24cos(%) j, t20.

(a) Determine an expression for v(t), the velocity of the body, and prove that the velocity of the

small body is always perpendicular o its position vector for all t. (4)
if r(f) =24 sin(%iji +24 cos[%{)j

then v(t):dfrm o i—dmxsin =
6 6

now v(r)o r(!)= 0

v Le(e)
{b) Show that the body is travelling with constant speed and describe the motion of the body. (3)

= \f 16%° (s:’r12 (%)-r cos® (—';1))
ie |v| =47 , independent of ¢

The body is in circular motion.

T
(c) Explain why J‘|v(t}dt > v(t)dr forany T'>0. (2)
0

O ey =y

o bl 1

{v(tlldt represents the distance travelled on the curved path for the time interval 010 T,

o oy

where as is the shortest distance befween where it was at 1 =0 to whereitisat r=7.

Iv&}ﬂ

See next page
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Question 15 (8 marks)

The standard deviation of the lifetimes of Bright light bulbs is 770 hours.
Quality control experts plan to estimate 1, the mean lifetime of Bright bulbs, using the mean lifetime
of a random sample of Bright bulbs.

(a) The experts would like to be 95% confident that the mean lifetime of bulbs in the sample is
within 15 hours of u. How large a sample should they take? (3)

1§57= 1-96 [ 779
I

l‘sf\ A<= Jo 122

1

L ¥ { i & . 3
f-\(L.e,,j f/»\)mlla{ Late & mﬁ}y‘f‘f@ sE af feasf t0 022

(b) Suppose that a random sample of 100 Bright light bulbs is taken, and the mean lifetime of
these bulbs is 10540 hours.
Based on this sample, determine a 90% confidence interval for p. (3)

990/1:\}!'#.@!’ 73 [05Hy L ;.-70)
Jroo

= (!04—!3‘3) 106644,

(c) The manufacturer claims that the mean lifetime of Bright Bulbs is at least 10 000 hours.
Does the sample in Part (b) provide a strong reason to doubt this claim? Justify your answer.

(2)

. v e{f > # —
}@5. lo 670 lie: o-,:sézg(,sfe, g 8L ox

See next page
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Question 16

{3 marks)
A coffee machine is infended to produce cups of coffee with a mean temperature between 74 °C and
78 °C. However, the temperature of coffee produced is in fact uniformly distributed between 70 °C
and 80 °C, with a mean of 75 °C and a standard deviation of 2.89 °C.

Use the Central Limit Theorem to estimate the probability that the mean temperature of the next 50
cups of coffee produced by the machine will lie between 74 °C and 78 °C.

Give the answer correct to two (2) decimal places.

- . - - B - - T No e my

Solution
Let X be the mean temperature of the 50 cups.

iy
Then X ~ N 75,(:—'5,2]
50

P(74< X <78)=0.99

narmcw[ﬁ,?a, M,?sl

V58

6.932792186
Specific hehaviours

v identifies that 2 normal distribution is required
v uses correct parameters for the distribution
v calculates probability, correct to two decimal places

Question 17 (8 marks)
(a) Given gy—= 2x(3y—2) find an expression for y in terms of x given that (1,1)
by

belongs to the curve. (4)

dy
j(3ym2) —IZxdx v
M:xg_[..c v
3

(1.1) -{%!-=l+c —c=-1

See next page
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(b) Ka=4—xoms” andwhenx=1cm,v=3cms™, then find the velocity when x=2cm.

(4)

vZ

E=J.adx

LA (4—x)dx

2

2 2
Too4x-Zoie v
2

x=1v=3
2:4—l+c:>0m1
2 2

2 2
A
2

vV =8x—x"+2 v>0 (whenx=1v=3) v

L v=+8x-x2+2
At x=2 v=+14 cms™ Vv
4)

See next page
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Question 18 (6 marks)

Given the functions g(x)=2cos(x)—-3 and A{x) ml—Zsin[x+-2?E] defined on the interval [0,2x].

(a) find the exact xvalues where g(x)=h(x). (3)

x=0, x=2= Vv

(b) hence determine the area enclosed between the two curves correct to three decimal places.

(3)
Area = Jjn[i—23in(x+gj—(2cos(x)—3)]dx=25.13unitsz .44

M

— b2 W Ja L

-1
-2
-3
-4
-5

b
=
=

v

See next page
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Question 19 (12 marks)
o o . . oGP P
(a) The logistic differential equation is ?:kP I_E where P represents
t
population, K the carrying capacity and & is a positive constant.
(i)  Explain what happens to the term (1 —%) as t — o and how the change affects the

growth curve.

As the population P gets closer to the carrying capacity K, then the factor

(1 —i;-j approaches 0, and —CE — 0. This means the population is no ¥

dt
longer increasing but becomes stable and the population approaches a
number and remains close to that number. v (2)

(i)  Show that P:Lk where 4 =&—=28
1+ Ade™ P

HINT: Use partial fractions.

()

£=kP(l—£J=k—P(K—P)
dt K K

dt K[ 1
g0 ——m—
Pk (P(K—P))

e

Using partial fractions,

1 a b
e
P(K-P) P K-P

_a(K-P)+bP
~ P(K-P)

OEPHL - P(b—a)+Ka

P(K—P) P(K—P)
0=b-a and 1=Ka

a=5b and azizb v
K

1 1 1

P(K-P) KP K(K-P)

See next page
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S0 ﬁr:j ; dP becomes
K P(K—P)

k 1
=

1
dP
K -[KP+K(K—P)

k 1 1 1
sl gt

kt=InP +(-)In(K-P)+C

kz‘—Cwln( P ]
K-P

P zek:—C‘

K-P

—[-(Vi:Ae“k’ where A =e" v
P

Att=0,P=P

KR 40— a so a=2=0
0 0

—K—PmAe'k"

Rearrange the formula to get? v

K—P=Pde™
K=P(1+4e™)
K —
p=—B with 4=E"0
1+ Ae £
(5)
(b) The total number of ebola cases ( NV } in Sierra Leone can be represented by the function

13809

= 155845067555 where ¢ represents the number of months since February 2014.
+55.84¢™

(i) Determine the number of cases in February 2015 and in August 2015.

February 2015, =12 August 2015, =18

13809
T 1155 gag-08T53
N(12)=13 591 N(18)=13805 (2)
v v

See next page
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(i) Explain how to determine when the rate of the number of ebola cases stops increasing
{(but is still positive).
Refer to the graph below to indicate the point where this occurs.

The rate of growth of the number of patients with ebola stops increasing when

2
i[d—N) =0 ie d 1;\/ = (. This is at the point of inflection.
dr\ dt dt

N

(i) The expected number of {otal cases

. 13809
=i 155 840
=13809.

See next page
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Question 20

(a)
@ (1,0

(i) (2, 2)

on the direction field below.

(i)

(a) (ii)

18

Sketch the function that goes through the points

y

e T — — i /_/_—4——-—-_‘-__‘-._’-__-—._—__.—-___-

e ™, e . it T i b, iy e, e | e, P et

N ——— //a__-.__\\ ~—————

N—— NN NN S

\N~—~-~///

LR AP A e % T S
g ol T e P B T (G o ey o

NN

it
A .

| N e [t R W | | ] | R FE |
A\ R\NNF+ A/ 2/

Tl i G T

o I |
3N\
S SN

D i s i

I e T e e i i

T i s T, g, i o ey, S g T B B i . W ",

/——*—‘—-*-.“-_\:4_—-—.—-—_’//.-—'_—-—-_-—__

(b)

CALCULATOR-ASSUMED

(5 marks)

(2)
(1)

v (1)

Xvv (2)

What geometric conclusions can be made about the vectors a,b and c¢ if

ae (b X c) =0? Assume that each vector is not equal to the zero vector and that

b and ¢ are not parallel vectors.

b and ¢ can be any two non-identical vectors.

The two non-parallel vectors can be used to define a plane through a point.
The cross product forms a vector which is perpendicular to the plane containing

bande. ¥

(2)

Since the dot product equals zero, the vectors aand bxcare perpendicular.

Therefore the vectora is parallel to the plane containing b and c.

It does NOT mean ais parallel to either b or ¢ necessarily.

See next page
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Question 21 (4 marks)

Use integration to find the volume of a cone with height 10cm and base circumference 10w cm.

¥
5L

v
-5+
C = 2nr
10m = 2nr v
?’=5 v
_1
y—zx
10 1 2
V:f n(—x) dx
0 2 v
_250 2
=3 T cm

End of questions
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